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ABSTRACT

In this paper we construct two families of non-trivial self-dual semi-
simple Hopf algebras of dimension pg? and investigate closely their (quasi)
triangular structures. The paper contains also general results on finite-
dimensional triangular Hopf algebras, unimodularity, semisimplicity and
ribbon structures of finite-dimensional semisimple Hopf algebras.

Introduction

Let (A, R) be a triangular Hopf algebra. The category of A-modules in this
case is very nice; it has a symmetry which makes it similar to the category of
vector spaces. Some well known examples of such Hopf algebras are Sweedler’s 4-
dimensional Hopf algebra, Hy, which is neither commutative nor cocommutative,
and the group algebra of a finite group G, which is cocommutative. Both Hy
and k[G] are also pointed. That is, they are generated by a filtration induced
by the group of grouplikes, G(A). A natural question that arises is: Are all
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finite-dimensional triangular Hopf algebras pointed? This would imply that in
characteristic 0 all such semisimple Hopf algebras are actually group algebras. It
is this question that motivated Section 2. The answer is negative in general, but
we conjecture it is true when A is so-called minimal triangular.

More generally, the connection between a Hopf algebra A and G(A) has been at
the root of many natural questions. Kaplansky has conjectured that if dim A = p,
p a prime, then A = k[G(A)]. This conjecture was recently proved by Zhu [Z].
Motivated by this, Masuoka [M1, M2] has completely characterized semisimple
A of dimension 2p, p?> and p* via G(A). We venture further and construct in
this paper two new families of non-trivial semisimple Hopf algebras of dimension
pq?, where p and q are prime, via G(A). These Hopf algebras, which contain a
unique pg-dimensional sub-Hopf algebra, are not pointed and they are neither
commutative nor cocommutative. For ¢ = 2 they are even quasitriangular, and

the members of one family are triangular for any p and q.

The purpose of this paper is two-fold: to study various properties of finite-
dimensional triangular Hopf algebras, and to construct new quantum groups via
biproducts.

The paper is organized as follows:

In Section 1 we recall some background material needed for this paper. We also
prove some general properties of finite-dimensional quasitriangular Hopf algebras

(see 1.3.1-1.3.6), and of the subcategory of biproducts (see 1.2.1-1.2.4) needed
for this paper. For example:

THEOREM 1.3.5: Let {A, R) be a finite-dimensional semisimple quasitriangular
Hopf algebra over a field k of characteristic 0 or p > (dim A)2. Then (4, R) is
ribbon.

THEOREM 1.3.6: Let (A, R) be a finite-dimensional cosemisimple quasitriangular
Hopf algebra over any field k. Then A is unimodular.

In Section 2 we discuss properties of finite-dimensional triangular Hopf alge-
bras, (A, R), such as: connections between A and A*, unimodularity and various
connections between distinguished elements, and its effect on semisimplicity. For
example:

THEOREM 2.2: Let (A,R) be a finite-dimensional minimal triangular Hopf
algebra over any field k. Then A and A*°P are isomorphic as Hopf algebras,
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and G(A) is abelian.

THEOREM 2.8: Let (A, R) be a finite-dimensional minimal triangular Hopf alge-
bra over a field k of characteristic 0. If A is generated as an algebra by grouplikes
and skew primitives, then k[G(A)] admits a minimal triangular structure, and
moreover A = B x k[G(A)] is a biproduct.

THEOREM 2.13: Let (A, R) be an odd-dimensional triangular Hopf algebra over
a field k of characteristic 0. Then A and A* are unimodular if and only if they
are semisimple.

The above properties will enable us to easily decide whether certain Hopf
algebras admit triangular structures. These criteria will be used in Section 3.

In Section 3 we construct two families of non-trivial non-commutative non-
cocommutative semisimple and cosemisimple Hopf algebras, A,, and Agp, for
any two prime numbers p and ¢ satisfying p = 1 (mod q). We prove that they are
self-dual of dimension pq?, give an explicit form of their sub-Hopf algebras and
simple subcoalgebras, describe their groups of Hopf automorphisms and study
questions of quasitriangularity. These families form counterexamples of various
natural questions from Section 2, and some new non-trivial ribbon unimodular
Hopf algebras which can be used to compute Hennings and Kauffman’s links and
3-manifolds invariants. These families are biproducts of two quasitriangular Hopf
algebras B x H. As will be seen in Theorems 2.13 and 3.16, quasitriangularity of
B and H will not imply quasitriangularity of B x H (obviously quasitriangularity
of B x H, for any B and H, implies quasitriangularity of H). Two of the main
results of this section are:

THEOREM 2.13: Let p and q be prime numbers satisfying p = 1 (modq), and
let k be a field containing primitive pth and ¢*th roots of unity. Then Agp is
quasitriangular if and only if ¢ = 2. Furthermore, Az, admits exactly 2p — 2
minimal quasitriangular structures and exactly two non-minimal quasitriangular
structures with k[G(Ajzp)| as the corresponding minimal quasitriangular sub-Hopf
algebra. Moreover, none of the above-mentioned quasitriangular structures is

triangular.

We also prove that Agp and AgF are isomorphic as Hopf algebras if and only
ifg=2.
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THEOREM 3.16: Let p and q be prime numbers satisfying p = 1 (modgq), and
let k be a field containing primitive pth and qth roots of unity. Then Ay, is a
self-dual semisimple Hopf algebra of dimension pq* which is not isomorphic to
Agp. Moreover, Ay, admits a non-minimal triangular structure, with k[G(Agp)]
as the corresponding minimal triangular sub-Hopf algebra, for any p and gq.
Furthermore, Ay, admits minimal quasitriangular structures if and only if ¢ = 2,

and Ajyp admits exactly 2p — 2 such structures none of which is triangular.

In particular we show that Ay, and AZP are isomorphic as Hopf algebras for

any p and gq.

1. Preliminaries

‘We will focus on some background material, and prove some new general results
needed in this paper. Throughout this paper & is a field and k* is the group of
units of k. The reader is referred to Sweedler’s book {S] and Montgomery’s book

[M] as general references.

1.1 FINITE-DIMENSIONAL HOPF ALGEBRAS. Let A be a finite-dimensional
Hopf algebra over k with antipode s. Then A is an A-bimodule under multipli-
cation. Thus the transpose actions on A*, described by

{(a = p,b) = (p, ba) and (p+a, b) = (p,ab)

for a,b € A and p € A*, give A* an A-bimodule structure. Similarly A is an
A*-bimodule, where

p—a= Za(l)(p, a(z)) and a+—p= E(p’ a‘(l)>a(2)

for p € A* and a € A, where we write A(a) = a¢1) ® a(z)-

“Twisting” multiplication and comultiplication in A gives rise to Hopf algebras
A and A°°P, respectively. As a coalgebra A°? = A, and multiplication in A°? is
defined by a-b = ba for a,b € A. As an algebra A°°® = A, and comultiplication in
A°? is defined by A°P(a) =} a(s)®ayy) for a € A. The antipode s is an algebra
and a coalgebra anti-isomorphism. Thus A°P°P is a Hopf algebra with antipode
s, and A%, AP are Hopf algebras with antipode s~!. Thus A = A°P°°P  and

hence AP = A%°P as Hopf algebras.
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Suppose that B is a Hopf algebra, and let f: A — B be a map of bialgebras.
Then f is a map of Hopf algebras [S, Lemma 4.0.4].

A non-zero element g in A is said to be a grouplike element if A(g) =
g ®g. The set of grouplike elements of A is denoted by G(A). G(A) is finite
and, by [NZ], the order of G(A) divides dim A. Since A is finite-dimensional
G(A*) = Algi(A,k). An element z € A is called a g : h skew primitive
if A(z) = 2® g+ h ®z, where g,h € G(A). If, moreover, z ¢ sp,{g — h}
then z is called non-trivial. A is called pointed if its simple subcoalgebras are
1-dimensional, that is, they are generated by grouplike elements.

Let A € A be a non-zero left integral for A, and let A € A* be a non-zero right
integral for A*. The left integrals for A form a one-dimensional ideal of A. Hence
there is a unique o € G(A*) such that Ae = (a, a)A for all ¢ € A. Likewise there
is a unique g € G(A**) = G(A) such that pA = (p,g)) for all p € A*. We call g
the distinguished grouplike element of A and we call o the distinguished
grouplike element of A*. These grouplike elements play a fundamental role
in the structure of A. A is said to be unimodular if the ideal of left integrals
for A equals the ideal of right integrals for A. Thus A is unimodular if and only

if @ = ¢, and A* is unimodular if and only if g = 1.

1.2 BipropucTs. Let H be a Hopf algebra with antipode sy over k and B
a left H-module algebra with structure map 7: H ® B — B, usually written as
h - b. The well known smash product B#H is defined to be B® H as a vector

space with multiplication

(1) (O#R)('#R) =Y blhq) - V) ® higy '

for b,b’ € B and h,h' € H. Observe that 1g#1p is the unity of B#H and that
j: B = B#H(bw— b#1) and i: H — B#H(h — 14th) are algebra embeddings.

If moreover B is a left H-comodule coalgebra with structure map p: B + H®B
(we write p(b) = 3 b)) ® b(?)) then one can define A on B#H by

(2) Ab#h) = 3 (bay#ba b)) ® (b3 #hez))
and
3) e(b#h) = e(b)e(h)

for b€ B and h € H. Observe that II: B#H — B(b#h — be(h)) and m: B#H —
H(b#h > (b)h) are coalgebra surjections.
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It was proved in [R1, Theorem 1] that B#H becomes a bialgebra with respect
to the above if and only if
(i) Ag(lp) =1 ® 135,
(i) ep is an algebra map,
(iii) Ap(bY) = S bay(bG) - byy) ® bis bly, for b, € B,
(iv) S(ha) D) Dhey®(hay b)) =Y ha)pV ®h) 4@ forbe Band h € H,
(v) pis an algebra map and 7 is a coalgebra map.
When B#H is a bialgebra as above we say that (H, B) is an admissible pair;
we call it a biproduct and denote it by B x H.
If, moreover, Ig € Homg(B, B) has an inverse under convolution, sg, then

B x H is a Hopf algebra with antipode s given by

(4) s(bx k)= (1 x sg(8VR))(sp(b®) x 1)

for h € H and b € B [R1, Proposition 2].

Note that H S BxHS H are Hopf algebra maps and moi = idy. A is
called a Hopf algebra with a projection if A contains a sub-Hopf algebra C' such
that C A% C, where 1 is the inclusion map and 7 is a surjection of Hopf
algebras satisfying moi = idc. Thus B X H is such an A. In [R1, Theorem 3] it is
shown that A is a Hopf algebra with a projection if and only if it is a biproduct.
We use this description to prove Theorem 1.2.1 and Propositions 1.2.2 and 3.5.

In the following theorem we indicate that the subcategory of finite-dimensional

biproducts is closed under taking duals.

THEOREM 1.2.1: Let A= B X H be a finite-dimensional bialgebra over k with
structure maps : H® B — B and p: B - H ® B. Then A* = B* x H* with
structure maps 7*: B* - H* ® B* and p*: H* ® B* =+ B*.

Proof: Follows directly from [R1, Theorems 2, 3]. 1

In the following proposition we show that the subcategory of biproducts is
closed under ®, “cop” and “op”.

PROPOSITION 1.2.2: Let A=B x H and A' = B’ x H'. Then: A® A’, A°°P
and A°P are biproducts.

Proof: Let i: H < A and i': H' < A’ be the inclusion maps, and m: A — H and
7': A’ — H’ be the surjections. Recall that 7 01 = idg and 7’ 0 i’ = idg-. Now,
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l. i®i: HQH — A® A’ is an inclusion, and 7 ® 7' AQA' - HQ H'
is surjective. Since (r ® ') o (i ® i) = idygn, A ® A’ is a biproduct by [R1,
Theorem 3].

2. Since i: HP? — (B x H)®P? is an inclusion, m: (B x H)®P — H®?
is surjective, and 7 0 ¢ = idgeer, it follows that A°? is a biproduct by [R1,
Theorem 3].

3. Since i: H°? — (B x H)°? is an inclusion, m: (B x H)°? — H°P is surjective,
and 7 o i = idgos, it follows that A°? is a biproduct by [R1, Theorem 3.

This completes the proof of the proposition. ]

In the following proposition we characterize some homomorphisms in the

subcategory of biproducts.

ProposITION 1.2.3: Let B x H and B’ x H' be two biproducts over k with
structure maps 7,p and 7', p’ respectively. Suppose f: B — B’ is an algebra
and a coalgebra map, and g: H — H' is a bialgebra map. Then, the map
fxg:BxH— B'x H, given by (f x g)(bx h) = f(b) x g(h) for all b € B and
h € H, is a bialgebra map if and only if

f(h-b)=g(h)- f(b) and p'(f(b)) = (9® f)p(b)
forallbe Band he H.
Proof: Since on one hand
(f x 9)((b x B x W)) = (f x g)(Y_ blhqay - ) X hexyh')
=Y F(®)f(hq) - V) x g(hez))g(h))
and on the other hand
((f x )b x )((f x 9 x b)) = (f(b) x g(R)(F (') x g(h'))
=Y f® (g - F)) x g(h)29(h)
=Y 5 h(l) F(0)) x glhz)g(h')

for all b,b' € B and h,h’ € H, it follows that f x g is an algebra map if and only
if

Y f(hqay - ) x glhz) =Y glhwy) - £(b) x glhe)
for all b € B and h € H. The first condition is derived now by applying I ® ¢
to both sides of the above equation. Similarly, one can show that the second
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condition is equivalent to f X g being a coalgebra map. This completes the proof
of the proposition. 1

Remark 1.2.4: Note that B’ is a left H module via pull-back along g and that B
is a left H' comodule via pull-back along g. Then, the conditions in Proposition

1.2.3 are equivalent to saying that f is also a module map and a comodule map.

1.3 QUASITRIANGULAR HOPF ALGEBRAS.  We recall now the definition of
a finite-dimensional quasitriangular Hopf algebra and some of its properties.
We heavily use in the sequel the fact that there is a bijection between these
Hopf algebras and certain associated Hopf algebra maps. We follow the con-
ventions of [R3]. Let A be a finite-dimensional Hopf algebra over k and let
R=YRMV®R? c A® A. Define a linear map f, : A* > A by f.(p)=

Y {p, RWYR®) for p ¢ A*. The pair (4, R) is said to be a quasitriangular Hopf
algebra if the following axioms hold (r = R):

(QT.1) S ARM)® R =Y RM g (1) @ RA)p(2) |
(QT2) Y e(RM)RD =1,

(QT.3) ¥ RV g ACOP(R@)) ZR(I)r(l) ® R® @ r® |
(QT.4) S RWe(R@)=1 and

(QT.5) (A°°P(a)) R = R(A(a)) for all a € 4;
or equivalently, if f, : A* = A°P is a Hopf algebra map and (QT.5) is satisfied.
Observe that (QT.5) is equivalent to
(QT.5)" 3 (pqr), a2))a) fr(P2)) = 1Py, e} fr (Py)aga)
for all p € A* and a € A.
Note that the map f;: A**? — A is a Hopf algebra map which satisfies

(p) = (p,R®RM  and
Z(P(n,au Yae) fr(p)) = Z(P(z),a(z) ~(pay)aq)

forallpe A* and a € A.

Conversely, let f: A**®? — A be a Hopf algebra map, and let R;€cA® A
be the corresponding element via the canonical vector spaces isomorphism be-
tween Homy(A*,A) and A® A (i.e. f = fgr,). We say that f determines a
quasitriangular structure on A if (4, Ry) is quasitriangular, or equivalently, if f
satisfies (QT.5).
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A quasitriangular Hopf algebra (A, R) is called triangular if R~! = R" where
R =Y R®@RM. Note that this is equivalent to f,*f,. = € in the convolution
algebra Homg(A*, A), ie. to f.. = fr0s.

Let (A, R) be quasitriangular and suppose that f : A — A’ is a surjective
Hopf algebra map. Set R’ = (f ® f) (R); then (4’, R') is quasitriangular.

Let (A, R) be quasitriangular. Set R=3Y RM @R®, B=sp, {RW} and
H = sp, {R@}. Note that B = Im(f}) and H = Im(f,), hence B and H
are sub-Hopf algebras of A. Let Ap be the sub-Hopf algebra of A generated
by B and H. Then (Ag, R) is a quasitriangular Hopf algebra, there exists an
isomorphism of Hopf algebras f: B***—H and a unique surjection of Hopf
algebras F: D(B) — Apg satisfying Fi, =ip and F_ ..., = f, where D(B) is
the Drinfel’d double of B and i is the inclusion map [R3]. If A = Ag then (4, R)
is called a minimal quasitriangular Hopf algebra. We shall also say that A is
a minimal (quasi)triangular Hopf algebra if there exists R € A ® A such that
(A, R) is a minimal (quasi)triangular Hopf algebra.

Remark 1.3.1: Let (A, R) be a finite-dimensional quasitriangular Hopf algebra.
If f,, is an isomorphism then (A, R) is minimal. Thus, if f: A**°? — A is a Hopf
algebra isomorphism satisfying (QT.5)’ then (A, Ry) is minimal quasitriangular.
In particular, if A is commutative and cocommutative (e.g., k[{G] where G is a
finite abelian group) and f: A* — A is a Hopf algebra isomorphism, then (4, Ry)
is minimal quasitriangular.

The converse of the above is not necessarily true, that is, (A4, R) could be
minimal quasitriangular without f, being an isomorphism. In 2.2 we show that

the converse holds when (A, R) is minimal triangular.

Let (A4, R) be a finite-dimensional quasitriangular Hopf algebra with antipode
s over k. For n € G(A*) we define g, = 3" R (n, R?) = f*(n). By [KR1], g,
is in the center of G(A4). Let g € A and a € A* be the distinguished grouplike
elements of A and A* respectively. As in [D] set

(5) u= Z s(RPRY, h=gog7' € G(A) and c=us(u).

Note that u, g, and c belong to Ag. Since R is invertible it follows that v is
invertible as well. By [D]

(6) Alu) = (u®u)(R"R)™, e(u) =1
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and
(M s*(a) =uau™! forall a € A.
By (6), u € G(A) if and only if (A4, R) is triangular.
The element ¢ is a central element, hence called the Casimir element of (A, R).
By [KR1]

(8) c = u?h,
thus by (5)
(9) h=u"'s(u) € Ar

and so g € AR as well. Since ¢ is central, (7) and (8) imply that
(10) s*(a) =h'ah foralla € A.

The grouplike element h = g,g~! plays the primary role in the study of ribbon
Hopf algebras [KR1].

A finite-dimensional ribbon Hopf algebra over k is a triple (A, R,v), where
(A, R) is a finite-dimensional quasitriangular Hopf algebra over k and v € A
satisfies the following:

(R.0) v is in the center of A,

(R.1) v? = us(u),

(R2) s(v) = v,

(R3) e(v) =1,

(R4) A(v) = (v®v)(R"R)™' = (R"R) (v®v).

Observe that G = u~lv is a grouplike element of A. It is called the special
grouplike element of A. Ribbon Hopf algebras were introduced and studied by
Reshetikhin and Turaev [RT}]. The reader is referred to [R2, Section 2] and [H, K,
KR1, KR2] for an extensive study of ribbon Hopf algebras and their connections
with Hennings and Kauffman’s invariants.

Remark 1.3.2: Any triangular Hopf algebra is ribbon with 1 as the ribbon element
and u~! as the special grouplike element.

The following lemma connects u to unimodularity and thus has interesting
corollaries.

LEMMA 1.3.3: Let (A, R) be a finite-dimensional quasitriangular Hopf algebra
over k and let § and & be the distinguished grouplike elements of Ap and A},
respectively. Then:
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1= gs§~", hence g3'ga does not depend on R.

(1) gag™
(2) Suppose further that Ap and A}, are unimodular. Then u = s(u), s* = I

and g, = g

Proof: (1) Set h = ga§~!. By the above constructions, and since u € Ag, we
have h = u~1s(u), and thus h = h.

(2) If Ag and A}, are unimodular then § =1 and & = ¢, hence g5 = 1, and so
h=1. By (1), h=1 and hence s* = I, u = s(u) and g, = g. [

Remark 1.3.4: It may happen that Ar will be unimodular, but A% will not.
Let A be Sweedler’s example. Recall that D(A) is minimal quasitriangular, and
unimodular [R3, Theorem 4]|. But, since A and A* are not unimodular, D(A)*

is not unimodular [R3, Corollary 4].

A corollary of 1.3.3 is that under semisimplicity assumptions u has further

properties.

THEOREM 1.3.5: Let {A,R) be a finite-dimensional quasitriangular Hopf
algebra over k. Then:
(1) If Ag is semisimple, then u = s(u) and s* = I.
(2) Assume the characteristic of k is 0 or p > (dim A)?. If A is semisimple then
A is ribbon with u as the ribbon element and 1 as the special grouplike

element.

Proof: (1) Since Ag is minimal quasitriangular it follows that it is also
cosemisimple [R3, Proposition 14], and hence that Ag and A} are unimodu-
lar. Thus part (1) follows from Lemma 1.3.3.

(2) Since a sub-Hopf algebra of a semisimple Hopf algebra is also semisimple
it follows that Ag is semisimple, and hence that u = s(u) by part (1). Since
ARg is also cosemisimple, it follows from ocur assumption on the ground field, and
[LR2, Theorem 3], that s* = I, and hence that u is a central element of A. This
concludes the proof of the corollary. 1

Let A be a finite-dimensional Hopf algebra over k. Recall [LR1, Theorem 3.3]
that over characteristic 0, if A is cosemisimple then it is also semisimple and
hence unimodular. In the following corollary of Lemma 1.3.3 we prove that for
quasitriangular A, unimodularity follows regardless of characteristic.

THEOREM 1.3.6: Let (A,R) be a finite-dimensional cosemisimple
quasitriangular Hopf algebra over any field k. Then A is unimodular.
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Proof: By [R3, Proposition 14] Ag is a semisimple and cosemisimple
quasitriangular Hopf algebra. It follows from Lemma 1.3.3 that g, = g. But
A* is semisimple, hence ¢ = 1 and so g, = 1.
Now recall that the map F: D(A) — A given by F(p < a) = fr(p)a for all
p € A* and a € A is a projection of Hopf algebras [D]. Let A and A be non-zero
left integral and right integral for A* and A respectively; then by [R3, Theorem
4] Aa A is a two-sided integral of D(A). Now, since A* is semisimple, (A, 1) # 0
and so
F(AxA) =) (A, RM)R®A
=Y (A RW)(a, RM)A
= (’\:ga)A = (A, 1>A

is a non-zero two-sided integral of A, and we are done. |

2. Triangular Hopf algebras

In this section we discuss properties of finite-dimensional triangular Hopf
algebras such as: connections between A and A*, unimodularity and various
connections between the distinguished elements, and its effect on semisimplicity.
These properties will enable us to easily decide whether certain Hopf algebras
admit triangular structures. These criteria will be used in Section 3.

Radford has proved that if A is a finite-dimensional Hopf algebra then D(A)* is
quasitriangular if and only if both A and A* are. Moreover, if (4,r) and (A%, R)
are quasitriangular then (D{A4)*, R) is quasitriangular where

(11) R=) (hi r® @ RUR) & (rM - 571 (hy) ® hf )

and {h;} and {h!} are dual bases of H and H* respectively [R3, page 311]. In
the following we check what happens in the triangular case.

PROPOSITION 2.1: Suppose A is a finite-dimensional Hopf algebra over k. Then
the following are equivalent:
(1) D(A)* admits a triangular structure.

(2) A and A* admit triangular structures.

Proof: Since A°? and A* are homomorphic images of D(A)*, (1) implies (2).
Suppose now that (A,r) and (A*, R) are triangular and let f,. and f, be the
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corresponding maps. Then it is not hard to verify that the map F, : D(A4)*? —
D(A)* corresponding to R in (11) is given by

(12) F.(p>h)= Z Yhe) £ (Pay) ® P2y fr(h1y)

and that the map F} = F,,: D(A)® — D(A)" is given by

(13) Fr(p>h) = Zfr P2) k1) ® fr(ha)s (o))

We prove that part (2) implies part (1) by showing that F, ., = F_ *F,_,, =¢

Indeed, o
(Fr % Fr, )(pa h)
= (F, ® Frr) Y (P2 > b1y ® pay > hezy)
= Z Yhe) Fr (@) ® Py f (b)) - (fr(pa)he) ® filha)s™ (pa)))
= Z Fr(P2))ha)s ™ (hi2)) F1 () ® Py fr(hiy) £ (Beay)s ™ (p))
=Y fr(p) 1 (P3) ® Paay Fa (b)) F1(B)s ™ (pr))

= e(pz)1 ® pe(h)s™ ()
= e(p gl h)

This concludes the proof of the theorem. |

Let (A, R) be a finite-dimensional quasitriangular Hopf algebra. It is well
known that G(A*) is abelian [D]. In the following we show that when (4, R) is

minimal triangular, much more can be said; the converse of 1.3.1 is true.

THEOREM 2.2: Let (A,R) be a finite-dimensional minimal triangular Hopf
algebra over k. Then:
(1) The map f,: A*°P — A is an isomorphism of Hopf algebras. In particular
A* and D(A)* admit triangular structures.
(2) The groups G(A) and G(A*) are abelian.

Proof: (1) Let B = sp,{RV} and H = sp,{R®}. Then B & H**°P as Hopf
algebras. By [D], R™! = Y s(RW) ® R™), and hence in the triangular case
Y s(RV)® R® = Y R® @ RV, Thus, B = H. Since A = Agp = BH we
conclude that A = H? = H and A = A*°P via f,, hence A* admits a triangular

structure.
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(2) In general, if (A, R) is quasitriangular then G(A*) is abelian [D]. Since f,
is an isomorphism of Hopf algebras it follows that G(A) & G(A*), and hence
G(A) is abelian. |

The following are some consequences of Theorem 2.2 which shed light on

minimal triangular pointed or semisimple Hopf algebras.

THEOREM 2.3: Suppose (A, R) is a finite n-dimensional semisimple minimal
triangular Hopf algebra over a field k containing a primitive nth root of unity
and that G(A) is cyclic. Then G(A) = (u), and it is trivial or of order 2.

Proof: Since (A, R) is semisimple and minimal it is also cosemisimple, and hence
A and A* are unimodular. Thus, by Lemma 1.3.3, u = s(u). But u € G(4),
hence s(u) = u~!, and we have u? = 1. Since (4, R) is triangular it follows that

f5 = fr 0s and hence

(o, u) =Y {0, s(RPYRD) = “(a, s(R™)) (e, RV)
= (@, 8(fz()) = (&, fa(s7H () = (e, fr(s(e)))
= (a, f,:(a» = (a’ fn(a))

for & € G(A*). By Theorem 2.2, f, induces an isomorphism between G(A)
and G(A*), hence G(A*) is cyclic too. Let 8 be a generator of G(A*); then
fr(B) generates G(A) and we have by the above that (3,u) = (B, f5(8)). Now,
generally if G = (z) is cyclic of order m then G (the group of characters) is cyclic
of order m generated by 7, and (n,z) is a primitive mth root of unity. Thus, if
u = 1 then, by the above, (8, fo(8)) = (B8,u) = 1so m = 1. If u # 1 then, since

u? =1, 1= (B,u?) = (B,u)* = (B, fa(B))? hence (B, fr(B)) = —1, and we have
m = 2. This completes the proof of the theorem. |

Remark 2.4: We shall use the above theorem in Corollary 3.10 to prove that
certain Hopf algebras we construct, A = A, are never triangular, though A is
minimal quasitriangular, A = A**°P as Hopf algebras and G(A) is abelian.

The following is an example of a semisimple minimal triangular Hopf algebra,

A, such that G(A) is not cyclic.

Example 2.5: Suppose that the field k contains a primitive nth root of unity, w,
and let A = k[{a)] ® k[(b)] = k[Z,, x Z,]. Then G(A) is not cyclic but A admits a

minimal triangular structure. To see this let o, 3 € A* be so that (a, aibl) = I
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and (3, a‘b’) = wt. Then A* = k[(a)] x k[(8)], and the map f: A* — A, given by
f(a) = a and f(B) = b~1, determines a minimal quasitriangular structure on A.
Moreover, (o'f7,u) = 3(a*f7,s(RP)RWV) = Y(a'f, s(RP))(a*p?, RV) =
(@B, (s 0 [)(@B)) = (@'fF,5(a’b™)) = (&f,a™*b) = w7™¥ = 1, hence
u = 1, which implies that A is triangular.

Since the standard finite-dimensional triangular Hopf algebras are pointed, a
natural question is whether this is always true. The following example shows the

answer is negative.

Example 2.6: Let H be Sweedler’s 4-dimensional Hopf algebra, and suppose that
the characteristic of & is not 2. Then D{H)* is triangular but never minimal. To
see this recall [G2, R3], which describes all the quasitriangular structures that
H admits. Note that all of them are triangular. Since H* and H are isomorphic
as Hopf algebras, it follows from Theorem 2.1 that D(H)* admits triangular
structures. Recall that H and H* are pointed and hence that D(H )P is pointed
too. Since D(H)* is not pointed [R1, page 315] it is not isomorphic to D(H )P
as a Hopf algebra. Therefore we conclude from Theorem 2.2 that D(H)* is never

minimal.

The examples in Section 3 (Theorem 3.16) show that even under semi-
simplicity the answer is still negative. However, A in these examples is not

minimal triangular. We conjecture:

CONJECTURE 2.7: Let (A, R) be a finite-dimensional minimal triangular Hopf
algebra over a field k of characteristic 0. Then A is pointed. In particular, if A

is semisimple then A = k[G(A)] is commutative.

One instance in which A is assured to be pointed is when A is generated by
grouplike elements and skew primitives (all standard examples, e.g. Ug(sl, ),
U(N,vw) and Hy, are of this type [G1, GW]). We then prove:

THEOREM 2.8: Let (A, R) be a finite-dimensional minimal triangular Hopf
algebra over a field k of characteristic 0. If A is generated as an algebra by
grouplike elements and skew primitive elements then:
(1) k|G(A)] admits a minimal triangular structure.
(2) There exists a projection m: A — k[G(A)], thus A = B x k[G(4)] is a
biproduct.
(3) If A # k1 and G(A) is cyclic, then G(A) = (u) is of order 2.
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Proof: (1) By Theorem 2.2, G(A) is abelian hence k[G(A)]* = k[G(A)]. By
the same theorem k[G(A)] = k[G(A*°°P)|, hence dim k{G(A)]* = dimk[G(A*)].
Since A and A*°°P are isomorphic as Hopf algebras, it follows that A* is also
minimal triangular. Suppose (A*,r) is minimal triangular and consider the

following series of maps:
KG(A)] & acr To 4+ T kG a)).

We claim that i} ¢ auy): k[G(A*)] = k[G(A)]* is injective, hence an isomorphism
of Hopf algebras. Indeed, if a,8 € G(A*) are such that i*(a) = i*(8) then
(a,9) = (B,g) for all g € G(A), but (@, z) = (8,2} = 0 for all non-trivial skew
primitives z (if such = does not exist then, by our assumption, A = k[G(A)] and
there is nothing to prove). Hence @ = § on generators of A, thus o = f on A. We
thus conclude that the map i* o f, oi: k[G(A)] = k[G(A)]* is an isomorphism of
Hopf algebras, hence determines a minimal quasitriangular structure on k[{G(A)]*
by Remark 1.3.1. We now wish to show that this structure is minimal triangular.
Indeed, (k[G(A)]*, (¢* ® i*)(r)) is triangular and

fareinym(9) = Y_{g,i" (r W) (r®)
= (3 (ilg), Py @)
=1i*o f, oi(g)
for all g € k[G(A)]. This implies that

firoinyr) =7 0 f. 04,

hence (k[G(A)]*, (i* ® i*)(r)) is minimal triangular. Since k[G(A)] and k[G(A)]*
are isomorphic as Hopf algebras we are done.

(2) Set p =i*o f,oiand 7 = ¢~ 'o3*o f,. Then m: A — k[G(A)] is onto, and
moreover Toi = loi*of oi=p lop= idk(G(4)), hence 7 is a projection
of Hopf algebras and we are done.

(3) Suppose A # k1 and G(A) is cyclic. By our assumption on the ground field,
k[G(A)] is semisimple and, by part (1), it is also minimal triangular. Therefore,
by Theorem 2.3, G(A) = (u) is trivial or of order 2. Since A # k1, if G(A) were
trivial A would contain a primitive element, which is impossible in characteristic
0. Thus, G(A4) = (u) is of order 2 and we are done. [ |

If A is not semisimple then it is not necessarily unimodular. This lack of

unimodularity gives rise to the distinguished grouplikes, which in turn affect
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s2. In the following we describe connections between these elements of A and
AR, which turn out to be related to u. The results are tight when A is odd-

dimensional.

LeMMA 2.9: Suppose A and B are finite-dimensional Hopf algebras over k and
let f: A — B be an isomorphism of Hopf algebras. Then f*(3) = a where a and
(3 are the distinguished grouplike elements of A* and B* respectively.

Proof: Let X be a non-zero left integral of A. Then f()\) is a non-zero left integral
of B. Hence, f(\)b = (8,b)f()) for all b€ B. Write b = f(a) for a € A. Then
FN (@) = (B, f(a))F(A) = (f*(B),a)f(A) for all a € A. On the other hand,
FNf(a@) = f(Aa) = f{a,a}A) = {a,a)f(A) for all @ € A. Thus the result
follows. R

COROLLARY 2.10: Suppose (A, R) is a finite-dimensional quasitriangular Hopf
algebra over k and that f,: A*°°? — A is an isomorphism of Hopf algebras. Let
g and a be the distinguished grouplike elements of A and A* respectively. Then:
(1) go = g7, hence h = g2
(2) s(u) =ug™2.

Proof: Since g, = fX(a) and g~!

is the distinguished grouplike element of
(A*oP)* = A°P part (1) follows from Lemma 2.9. Part (2) follows now from

part (1) and (9). |

THEOREM 2.11: Suppose (A, R) is a finite-dimensional triangular Hopf algebra
over k and let g, §, a and & be the distinguished grouplike elements of A, Ag,
A* and A}, respectively. Then:

(1) go = §2g, hence does not depend on R.

(2) u% = g*. In particular, if |G(A)| is odd then u = §.

(3) Suppose further that Ag is unimodular (e.g. when A is semisimple); then
9o = g, u?> = 1 and s* = I. If, moreover, |G(A)| is odd then u = 1 and
s2=1I

(4) Suppose that (dim A)1 # 0 and that |G(A)| is odd. Then A is semisimple
and cosemisimple if and only if Ag is unimodular.

(5) Suppose that A is unimodular; then g = §2. If, moreover, |G(A)| is odd
then § = g{lol+1/2.
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Proof: (1) By Theorem 2.2 and Corollary 2.10, g5 = §~!, hence the result follows
from Lemma 1.3.3.

(2) Recall that u € G(AR). Since § € G(AR) we conclude, using Corollary 2.10
and Theorem 2.2, that u~! = s(u) = ug~2. Since G(Ag) is abelian by Theorem
2.2 this implies (ug~!)? = 1. Therefore, if |G(A)| is odd then u = §.

(3) Since Ap is unimodular A}, is unimodular too by Theorem 2.2. Hence,
g =1 and the result follows from parts (1) and (2).

(4) Since s = I implies that A is semisimple and cosemisimple [LR1, Corollary
2.6] the result follows from part (3) and (7).

(5) Follows from part (1). |

CoROLLARY 2.12: Suppose (A,R) is a finite-dimensional triangular Hopf
algebra of odd dimension over k. Then:

(1) If A and A* are unimodular, then

(2) Agr and A} are unimodular, and then

(3) s2=1.
Proof: If A and A* are unimodular then h = 1. But A = §~% as well. Therefore
g% = 1. Since |G(4)] is odd this implies § = 1, which is equivalent to A}, being
unimodular. Since A} is isomorphic to Agr, by Theorem 2.2, we have proved
that part (1) implies part (2). Now, since dim A is odd, so is |G(A)|, hence by
Theorem 2.11(3) part (2) implies part (3). ]

COROLLARY 2.13: Suppose (A,R) is an odd-dimensional triangular Hopf

algebra over k. Suppose further that (dim A)1 # 0. Then the following are
equivalent:

(1) A and A* are unimodular.
(2) Ag is unimodular.
(3) s?=1.
(4) A is semisimple.
Proof: Now suppose (dim A)1 # 0, and s? = I, then A and A* are semisimple

(LR1, Corollary 2.6]. This implies that A and A* are unimodular and we are
done. ]

Example 2.14: We show that the assurmption on the oddness of |G(A)| in Theo-

rem 2.2 and in Corollary 2.13 is necessary. Suppose the characteristic of & is not
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2 and let A = k(a,z,yla® = 1,z% = y? = 0,za = —az,ya = —ay,zy = —yz).
Then A is a Hopf algebra where a is a grouplike element and z,y are a : 1 skew
primitive elements. Note that s # I. By [G1, Propositions 2.2.1 and 2.2.3] A
and A* are unimodular of dimension 8, and (A, R) is quasitriangular if and only
if
R=1{(1®1+1Q@a+a®1-a®a)
+a(z®@z—ar®z+zrQaz +az Q az)
+BrQy+zQay—ar @y + ax ® ay)
+7(yQz+yQ®ar—ay Rz + ay ® ax)
+i(y®@y—ay®y+y®ay+ay ®ay)
+ (B — ad)(zy @ axy — azy ® azy + zy @ ay + azy @ xy)}

where a, 3,7, 6 € k. Since u = a(1l + (v — f)zy), (A, R) is triangular if and only
if 3 = ~. Note moreover that for 3 = v # 0, Ag = A, thus Ap is unimodular
while s2 2. If 8=~ =6 =0 and o # 0, Ag is Sweedler’s Hopf algebra, which

is self-dual and not unimodular, while A and A* are unimodular.

Example 2.15: The assumption on the characteristic of k in Corollary 2.13 is

necessary. Let k be a field of odd characteristic p. Let

A=kle, flle,fl=e, ffP=Ff, e =0)

where e, f are primitive elements. Then, dim A = p? is odd [LS, Section 6]. Since
A is cocommutative, s> = I and (4,1 ® 1) is triangular. But, A and A* are not
unimodular [LS, Section 6].

3. Self-dual Hopf algebras of dimension pg® and their quasi-
triangularity
In this section we construct two families of new non-
commutative non-cocommutative semisimple and cosemisimple Hopf algebras,
give an explicit form of its sub-Hopf algebras and simple subcoalgebras, and study
questions of quasitriangularity. These families form counterexamples of various
natural questions from Section 2, and some new non-trivial ribbon unimodular
Hopf algebras which can be used to compute Hennings and Kauffman’s links and
3-manifolds invariants. These families are biproducts of two quasitriangular Hopf

algebras B x H. As will be seen in Theorems 3.11 and 3.16, quasitriangularity of
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B and H will not imply quasitriangularity of B x H (obviously quasitriangularity
of B x H, for any B and H, implies quasitriangularity of H).

One of the main results of this paper is based on a construction of biproducts
of group algebras of cyclic groups. Let H = k[(6)], where (6) is a cyclic group of
order n. Assume k contains a primitive nth root of unity, n. Then H is semisimple
with idempotent integral ¢t = (1/n) Zt;é g%, and H* = k[())], with (),6) = n.
Now by [CRW, 2.6] the set

(14) (M =>tli=0,...,n-1}

is a set of orthogonal idempotents of H whose sum is 1. By [CRW, 2.5.1] (A, ¢) =
80k, 50 we have (M, A= = t) = (V7% t) = §; ;. On the other hand, H = (H*)*,
with basis Py:, dual to the basis {X*} of k[(\)] = H*, where (M, Py) = §;j,
hence A~% — ¢ = P,:, and so
(15) AN = Y ATFane (Tt o).

k+s=i {mod n)
Let A be an H-module algebra. The idempotents A’ — ¢ play an important role
in defining semiinvariants, Ay, that is

Ay =(A">t)-A={a€ Alh-a= (N h)a, all h€ H}.

In particular, suppose G is any finite group and §: G — G is an automorphism
of order n. Extend 6 to A = k[G] linearly, thus making A an H = k[(6)]-module
algebra. Moreover, A is an H-module coalgebra, since both A and H are group
algebras. Thus, by (15), if a € G, then

(16) AT =t a)= Y AF=t)e®( T 1) e
k+s=i (mod n)

By (14),
n—1 n—1

(17) A=Pr 1) A=PAx.
=0 =0

Now let {c;}5_o, With co = 1 and ¢; = b, be a set of representatives of the disjoint
orbits of the action of § on G; then by (14) and (17) the non-zero elements in
{3t =1)¢l0<j<r 0<i<n-—1}form a k-linearly independent set. It
furthermore spans A, for if z belongs to the same orbit as c;, that is, z = 6*(c;),
then by {CRW, 2.1.1]

(18) APty = (AT = 1) - 05(c) = (AL T = ) ¢
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Since z = 31 (A~ = t) - 2, we are done.
Set b = (A\~* = t) - ¢;, then by (16)

(19) AR =) Heb.

t+r=i(mod n)

Note also that
(20) (b)) = ;0.

)

Suppose now that G = (b) is a cyclic group and that m is in the group of units
of the integers modulo |b|. Let (h) be a second finite cyclic group such that |m)|
divides |h|, and set n = |h|/|m|. Using the above we construct now the biproduct
k[(b)] x k[(h)]. Define 7: (h) — Aut((b)) via h - b = ™. Then, 7 is a well
defined group homomorphism by the above assumptions and ker v = {(a) is of
order n, where a = hl™l. Moreover, k[(b)] becomes a left module algebra over
k[{h)] via extending T linearly. Let us denote (with abuse of notation) this action
by 7: k[(h)] ® k[(b)] — K[(b}]. Suppose there exists §: (b) = (b), an automorphism
of order n. Extend 0 to k[(b}] linearly. Suppose further that the field k contains
primitives |h|th and |b]th roots of unity, and let # be a primitive nth root of unity.
Set k[(b)]; = K[(B)]xi, and define p: k[(b)] — K[(R)] ® k[(b)] via p(b}) = a* @ b.
Then it is straightforward to check that (k[(b)], k[(k)]) is an admissible pair with
structure maps 7 and p indicated above. Hence the biproduct A = k[(b)] x k[(h}]
is a well defined Hopf algebra. Observe that as an algebra, A is the group algebra
of the semidirect product group of (b) and (h).

2 we may choose # = 7(h) and then much more can be

If moreover |h] = n
said. Let v € k[(h)]* be so that (v, h) is a primitive |h|th root of unity with
(v,h)® = 7, and let B € k[(b}}* be so that (§,b) is a primitive |b|th root of
unity. Then k[{b)]* = k[(8)] and k[(h)]* = k[(7)]. Let f: k[(8)] — k[{(b)] and
g: k[{(7)] = k[(h)] be the Hopf algebra isomorphisms determined by f(8) = b and
g(7) = h. Observe that by Theorem 1.2.1, A* = k[{(b)]* x k[(h)]* with structure

maps 7* and p*. Also, replacing 8 by 6* yields a linear basis {57} of k[(8)].

PROPOSITION 3.1: Let |h| = n?, and suppose that the field k contains primitives
n2th and |b|th roots of unity. Let A = k[(b)] x k[(h)], f, g9, T and 1 be as above
with 0 = 7(h). Then:

(1) f x g: A* = A is an isomorphism of Hopf algebras.

(2) (B,b]) =0ifi#k.
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Proof: (1) First note that n* = (y*,h) = (v',h™) = (4%,a), where the last
equality follows since a = h™. Denoting by - the action induced by p* we have

(v-B,b)) = (" (v® B), b])
= (y®f,a' @ b)) = n'(8,8])
= (8,0(b])) = (67(B),¥])

for all bf € k[(b)];. Thus, v- 8 = 6*(B) so ¥" generates the kernel of this action,
and it is easy to verify that 8*(3) = g™.

Repeating the above construction by replacing 8 by 6* yields a linear basis
{87} of k[(B8)], with 7*(587) = v ® B]. Indeed,

(r(B]), h @ b) = (6], h- b))
= (6],600%)) = (6"(8]), )
n'(67,6}) = (" ® B, h ® b))

for all b, € k[(b)]s, thus 7*(8]) = v ® /.

Now, by Theorem 1.2.3 it is sufficient to show that

Fly-B)=g(y)-£(8) and p(f(B]) =(9® NT*(B]).
Indeed,
fly-B)=f(B™)=b"=h-b=g(v)- f(B).
For any 6: k[(b)] — k[{(b)]
(6(F(8)),BY = (8(b), B) = (b,67(B)) = (£(8),07(B)) = (B, f(6"(8)))-

Setting @ = id, we have shown that f = f*, and hence by the above 0f = f6*
for all such §. Therefore 0(f(67)) = f(6*(87)) = n*f(B!) and we have

p(f(B)) = a' ® f(B]) = k™ ® £(B])
=(g® (™ ® ) = (g® f)r* (8.
(2) Since
(ﬂk} z) 71 (:Bi:a 1 ): _t<ﬁk$0(b])>
n=HO* (L), b1) = n* (AL, b)

the result follows. This completes the proof of the proposition. |
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Remark 3.2: Since {6/} forms a linear basis for k[(b)] and B! # 0, it follows
from part (2) of the above proposition that for any [ there exists j such that
(B,b]) #0.

We now specialize: Let p and ¢ be prime numbers satisfying p = 1 (mod ¢), and
let m € Z, so that |m| = g. Let (b) be of order p, and (k) of order ¢*. From now
on we shall assume, unless otherwise stated, that the field k¥ contains primitive
pth and ¢’th roots of unity. As above let §(b) = h-b = b™. Denote by Ay, the
resulting Hopf algebra. Note that (h?) is the unique subgroup of (h} of order g,
and that h? acts trivially, hence k[(h?)] C Z(Agp). Moreover, by Proposition 3.1,

Agp is self-dual. Using the linear basis
{bil0<i<g-1,0<j<(p-1)/g}

of A and (19) we have that

(21) (6] x h*) (b, x ) = n°* (BB, x Bt
and
q—1 )
(22) bl x h®) = b, x R @b x 1.
t=0

By (4) we have that
(23) (6 x Bt) = ™8 (s(bd) x A5,

In the following proposition we describe the coradical of Ay, explicitly and
show that Ag, is cosemisimple, and hence also semisimple. When there is no
danger of ambiguity we identify h* with 1 x h.

PROPOSITION 3.3: Let A= Agp and k be as before. Then:
(1) G(A) = (h).
(2) A has p — 1 simple subcoalgebras of dimension ¢*.

(3) A is cosemisimple and semisimple.

Proof: By (21) and (22), (h) is a subgroup of G(4). Thus, ¢* divides [G(A)|.
Since A is not cocommutative (see (22)), A # k[G(A)] and thus |G(4)| < pg?,
but |G(4)| divides dim A = pq® thus |G(4)| = ¢° and hence G(A) = (h).

Since by (22), A(b] x 1) = ¥, ,_i(bd x h%* @ b] x 1), it follows that [ =
spp{b] x 1j0 < i < g — 1} is a left coideal of A of dimension q¢. We show
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that I is a simple left coideal of A by showing it is a simple right A*-module.
Indeed, let 0 # a = :.’;(} ai(bg x 1) € I, and suppose that a; # 0 for some
l. Let P, = (b{_t)* € k[( )|* for any O <t € ¢ — 1. Then, for any such t,
@ (P x (%)) = YO0} 0 SITHPL B ) (A1), h9*)8) x 1 = au(8] x 1), and
hence I is a simple right A*-module.

By [L, page 354], since I is a simple left A-coideal, Af = L(I) =
spr{bf x h¥|0 < 4,5 < q—1} for 1 <k < (p—1)/q is a simple sub-coalgebra of
A, of dimension g2, for all k. Now, set A% = sp, {bf x h*"|0 < i,j < g—1} for
1<k < (p—1)/qand 0 < n < g—1. Since A¥ = Akh™, A" € G(A) and multiplica-
tion by a grouplike element is an isomorphism of coalgebras, it follows that A% is
a simple sub-coalgebra of A for all k and n. Since dim AX = ¢2, and since there are
q(p—1)/g = p—1 such simple sub-coalgebras, their dimensions sum to (p—1)q®
Finally, since there are ¢* grouplike elements and ¢* + (p — 1)g® = pg® = dim 4,
the result follows. 1

Remark 3.4: Note that the elements of A* commute if and only if n = 0.

In the following proposition we describe the sub-Hopf algebras of Ag,.

PROPOSITION 3.5: Let A = Agp and k be as before. Then the non-trivial
sub-Hopf algebras of A are k[(h9)}, k[(h})] and

B=sp{b'x h¥0<i<p-1,0<j<q-—1}

of dimensions g, ¢* and pq, respectively.

Proof: Let B be a non-trivial sub-Hopf algebra of A. By [NZ], dim B = p, g,
q® or pg. If dimB = p then B = k[G(B)] by [Z]. But, by Proposition 3.3,
|G(B)| must divide {G(A)] = ¢* and hence this is impossible. If dimB = ¢
then B = k[G(B)] by [Z], and the only possibility is B = k[(h?)]. Suppose
dim B = ¢%. By Proposition 3.3, B is cosemisimple and the dimension of the
simple sub-coalgebras is q* or 1. Since B contains 1, a grouplike element, it
follows that B = k[(h)]. Suppose now that dim B = pg, then G(B) = k[(h?)]. In
particular this implies that the image of the restriction to B, of the projection
m: A — k[(h)], is a sub-Hopf algebra of k[(h)] containing k[(h%)]. Therefore,
Im(7g) = k[(h?)] or k[(h)]. Dualizing implies that (Im(m p)]* is embedded in B*,
hence dim([Im(m)}* divides pg, hence must be ¢ and hence Im(m5) = k[(h?)].
Thus, we have the following sequence of maps: k[(h9)] - B = k[(h9)]. By [R1,



Vol. 102, 1997 QUANTUM GROUPS OF DIMENSION pq? 251

Theorem 3|, B = B’ x k[(h?)] for some B’. Since k[(h?)] acts on B’ via ad; [R1,
3.4], and k[(h?)] C Z(A), it follows that the action is trivial. But then it follows
from [R1, 2.8(a)] that B’ is a sub-Hopf algebra of A of dimension p. Therefore
by [Z], B’ = k[Z,), hence commutative. This implies that B is commutative.
Therefore B is a direct sum of ¢ 1-dimensional and (p — 1)/q ¢?-dimensional
commutative simple sub-coalgebras of A. Using Proposition 3.3 and Remark 3.4
we conclude that B = k[(h?)] & (®£p=—11)/ 7 A¥). This completes the proof of the
proposition. |

Let us single out some of the properties proved above.

Remark 3.6: Let B be the unique pg-dimensional sub-Hopf algebra described
in Proposition 3.5. Then B = k[(b)] x k{(h?)], with the trivial action, and the
coaction induced by p. Thus, as an algebra, B = k[(b) x (h?)] is the group algebra
of the commutative group (b) x (h?). Now, let 8 and a be so that k[(b)]* = k[(8)]
and k[(h?)]* = k[(a)]. We wish to show that B* = k[(3) x ()] is the group
algebra, as a Hopf algebra, of the semidirect product group of (5) and (@), where
a- 3 = ™. Indeed, by 3.1, B* = k{(8)] x k[(a)] with the trivial coaction, and
action determined by a - 8 = §*(8) = ™. In particular, B* = k[(8)] ® k[(a)] as
a coalgebra, and B* = k[(8) % ()] as an algebra. Since any element of (3) x ()
is a grouplike element we are done.

It is this B that enables us to prove the following lemma which is basic in
our analysis of quasitriangularity of A = Ag,. Among the rest we prove quasi-
triangularity by exhibiting an isomorphism of A and A°?, which by 3.1 is an iso-
morphism of A and A**°P, and continue by showing that then (QT.5)’ is satisfied.
All this is possible if and only if ¢ = 2.

LEMMA 3.7: Let A= Ay, and k be as before. Then:
(1) A = AP if and only if ¢ = 2. Furthermore, if f: Ay, — A3F is an
isomorphism of Hopf algebras, then f is determined by
f(R)=h"3 and f(bx1)=s(b" x1)
forsome<i<landl<r<p-1
(2) Let f be an automorphism of A. Then f is determined by
f(h) = hT*! and f(bx1)=b"x1

for some 0 < i < ¢g—1and1 < r < p— 1. Furthermore, Autyops(A) =
Zyx Z).
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Proof: We first determine Autgops(B) by determining Aut(k[(3)] x k[(a)]). The
latter is determined by the automorphisms of the semidirect product group of (5)
and (). These automorphisms can be determined as follows: Let G = (8) x (a).
Then by Sylow’s Theorem, (3) is the unique normal Sylow p-subgroup of G. Set
G; = {ﬁj("‘i‘l) x al0 <i<g—1} for 0 < j < p- 1. Then each G, is a Sylow
g-subgroup of G, and by Sylow’s Theorem, {G;|0 < j < p — 1} is the set of all
Sylow g-subgroups of G. Let ¢ be an automorphism of G. Since ¢({(3)) = (8) and
#(G;) = Gy it is not hard to verify that

é(ﬂl < Qk) - ﬂrz+j(m“°—1) « ok

for some 1 < i < ¢g-1,0< j<p—~-1landl <r < p-1. Since
(1% a)(Bx1)(1xa)~!=p™x1it follows that i = 1 and hence that

(]5(,8‘ q ak) — ﬂri—i-j(mk—l) « ak

for some 0 < j<p—1and 1 <r < p-—1. Finally, it is not hard to verify that
¢ described in the last equality determines a well defined automorphism, hence
determines an automorphism of k[G] = B*. Dualizing yields an automorphism
¢*: B — B which is determined by

(24) (A xhY)=1xh? and ¢*(bx1)=b" x (Zaw )

v=0

where a,, ; = (8,b) 7 (67,b}),0< j<p—1land 1 <r <p-—1. Since (o, h?) =7,
the second equality follows by

($*(bx 1), 8 x a¥) = (b x 1, gr+i(m"=1) k)
— (b, ﬁrl+j(m"—1)>
= (b,8™)(b, g™ D))
= (b7, B)(b, 5™ ) (b, 6)
= (b, 8)(b,0"%(5%)) (b, B77)
= (b7, 8')(6*(6), 57) (b, B) ™7
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q-1

= (b7, BYO* (A" = 1) - b), ) (b, 8)

v=0
= (", 8" <Z n*kb}, 87)(b, B)

q—l

= (b7, 8") Y (R, ¥} (b}, A7) (b, B)

v=0
q—1

= (b, B (b}, 87)(b, B) TR, o)

v=0

q—1
= (b" x (Zav,th”),ﬁl x o).
v=0

253

(1) Suppose now that f: A — A°P is an isomorphism of Hopf algebras. Then,

so f: A - A°P is an isomorphism of Hopf algebras, and since B is the unique

(commutative) sub-Hopf algebra of A and A°?, of dimension pg, (s o f)|p is an

automorphism of B. Therefore, since (s o f)(h?)

= h? we have that (so f)(h) =

h9*1 for some 0 < i < g—1, and since s = I it follows from (24) that f = so(sof)

must be of the form

(25)  f(I1xh)=1xh™¥1 and f(bx 1):3(

Since on one hand

q—1

v=0

FlAxhRY(bx )] =f(h-bxh)

= f(™ x h) = f(bx )™ (1 x h)

il

s [(1 x h7+1) (b"" (Z ay ;h?

v=0

_ m
m2r i+1 = v
=s|b" T xh? Zaw-hq
v=0

BT X Y o ih®

g—1 m
s (b’"’ X (Z a,,,th"> ) (1xh™

qi—l)

))

)

where a, ; = (8,b) 7(67,b),0<j<p—-1,1<r<p—-land0<i<g-1
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and on the other hand

qg-1
FAxh)f(bx1)=(1xh"9 s (b* X Za,,,,-hq")
v=0

qg—1
=s (br x heHt1 Zau,thv>

v=0

it follows that if f is an isomorphism then

q-—1
(26) bmzr(ai, Z 0y R = b (a Z ay ;hI7)

v=0 v=0
for all 0 < i < g — 1. We show that (of, Y921 a, ;A% = (8,b)7 ™' =1) for all
0 < ¢ < ¢— 1. This will imply that if f is an isomorphism then j = 0, and
pmT = b", and hence that m? = 1(mod q). Since q is the order of m in Z, it will
follow that ¢ = 2. Indeed, by (14)

q—1 g-1
i vy v
(@) o ihT) =Y aum
v=0 v=0

g—-1
= (8,77 > (6,6, )n™

v=0
. q—l
B,y o n™b)
v=0

= (8,6)77(87,6°>_ b))

g—1

= (B,b)77 (8" (87), > (A" = 1) - b)

v=0
= (B,6)~3 (™, b)
= (B, b)j(m‘—l).

Thus, (26) is equivalent to (8,b)™(m ~Dpm*t = (g p)i(m*=Dpr and the result
follows.
Conversely, if ¢ = 2 then, by the above, if

(Z Qs Jh2v Z ay Jth

v=0
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then f, given in (25), is an isomorphism. Now, if j = 0, then a, o = €(bl) = &, 0,
and hence (30_, @, 0h2?)™ = 1 = Y1 _ ay0h?". Therefore, we conclude that

the map f: Az, — A, determined by

f(h) =h¥*® and f(bx1)=s(d" x 1)

is an isomorphism of Hopf algebras for all 1 <r <p-—-1and 0 £ ¢ < 1. This
completes the proof of the lemma.
(2) Let f: A — A be an automorphism of A. Then using similar arguments to
those used in the proof of part (1) yields that f must be of the form
gq-1
fIxh)=1xh®™! and fbx1)=bx Y a,,;h®
v=0
where o, ; = (8,b) 9 (87,b),0< j<p-1,1<r<p-land0<i<g—1
Since f{(1 x h)(b x 1)) = f(1 x h)f{b x 1) it follows, as before, that j = 0, and
hence that f must be determined by

f(lxh)=1xh" and f(bx1)=b"x1

where 1 <r <p-1and 0<:<q—1. It is not hard to verify that f described
in the last equality determines an automorphism of A. Denote such f by f; ..
Since fir o fj+ = fitjrt where the sum i + j is mod q and the multiplication rt

is mod p, the result follows. ]
Using Lemma 3.7 we determine first when Ay, is minimal quasitriangular:

THEOREM 3.8: Suppose that the field k contains primitive 4th and pth roots of
unity and let A = Az,. Then the maps f, f': A**°P — A given by f(BE x49) =
brk x k%47 and f'(BF x 47) = bCF x h?~7 determine two minimal quasitriangular

structures on A forany 1 <r <p-—1.

Proof: We first show that f and f’ are Hopf algebra maps. Since A is isomorphic
to A* by Proposition 3.1, it is sufficient to show that the maps b¥ x A7 +3 b7¥ x
h%*3 and b¥ x h? — bTF x h%~7 are Hopf algebra maps. Indeed, the first map
is obtained from (25) after substituting ¢ = 1, while the second one is obtained
from (25) after substituting i = 0. It remains to check that f and f’ satisfy
(QT.5)'. Note that since ¢ = 2, &) = (b’ + b77) and By = (B9 + B79) for
0<j < (p-1)/2,andb] = §(¥/—b77) and §] = §(87—f~7) for 1 < j < (p—1)/2.
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Since A* and A are generated as algebras by G = {ﬂg X g, ﬂ{ X g, X v} and
G' = {¥ x 1,b] x 1,1 x h} respectively, it is sufficient to check (QT.5)" for
p € G and a € G'. We check it, for example, for f, p = /B{ x € and @ = b x 1.
By (22), A(fI xe) = B xe®@f xe+ Bl x Q@8 xeand AT x 1) =
b x 1@ b} x 14b) x 2 @b x 1. Therefore, using Proposition 3.1(2) we compute

> paysa@)aq f(pe)
= (B],67) (b7 x B2 f(B] x €) + (B3, bTY (BT x 1) f(B] x €)
= (B], b7 )bbh" x h? + (B, b7 )bTb]" x h?

and, on the other hand,

> o2y a)) Fpy)ace)
= (B3, 65 F(B] x €)(b7 x 1) + (B, bT") (8] x o®)(bF x 1)
= (B3, b7 )BT x h? + (B, 6T bY x R,

Finally, since f is an isomorphism, Im(f) = A and hence f determines a minimal

quasitriangular structure on A. This completes the proof of the theorem. |

Having established when A = A, is minimal quasitriangular we now go on to
study when (A, R) is quasitriangular but not minimal. This would imply that
AR is a proper sub-Hopf algebra of A. By Proposition 3.5 and the fact that B
is commutative but not cocommutative, the only possibility for Ag is to be a
sub-Hopf algebra of k[G(A)], hence R € k[G(A)] @ k[G(A)]. We show:

LEMMA 3.9: Let A = Ay, and k be as before.  Then, there exists
R € k[G(A)] ® k[G(A)] such that (A, R) is quasitriangular if and only if ¢ = 2.
Moreover, Az, admits exactly two such structures none of which is triangular.

Proof: Assume such R exists and let f = f,. By Proposition 3.3, Im(f) is a sub-
Hopf algebra of k[(h)], and hence R € k[(h)] ® k[(h)]. Let w € k be a primitive
g*th root of unity. By [R2, page 219], there exists 0 < n < g>—1 so that R = R,,,

where

-1 ik
Ra= Y 5 (1xh) ® (1x h™).
1,k=0 q

Observe that f, = f, : A*P — A is given by Fa(B x 4*F) = e(B])(1 x h"™F).
We now show that f, satisfies {(QT.5) if and only if ¢ = 2 and n = 1,3. Let
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p =" x 7 and a = b, x h". Then, on one hand

Y Py, a@)aw falpe)
g—1

3 (B B YT BT (), x BTT)E(B)(1 x )

u,v=0

It

Il

Z< b)Y (v, By (B, x RV )e(Br)
= (ﬂ:", B (v, h)™ (bi_; x RIHTT)e(B)
and on the other hand

Z(P(z), 0«(1))fn(P(1))a(2)

q—1

= 37 (BB ) (0 BT (L x R 6, x BT)e(BE,)
u,v=0
q—1

= S8 b, Y (B x Rty (g
v=0

= (B, bi){y, BT (5] s RROHTHIT e () (0,
Since (7, h)? = n and €(87*) = 1, an equality holds if and only if

(27) (6", BYRS' = (B, Bhyop (= s

R 1

for all 4,m,! and ¢. By Remark 3.2, there exists [ such that (8},b{) # 0. Thus, if
i =m = 1 then (27) holds if and only if kY = 7?(*+*D(E=V "4, Since the order of
h is ¢, ¢ = ng(mod ¢?), hence n = n’q + 1 for some n’, and thus since 77 = 1 we
have 1 = pf(ntD(=1) = p2i(t=1) for 4]l j ¢. This holds if and only if 7% = 1 and
n=n'q+1,i.e. if and only if ¢ =2 and » = 1 or 3. It is not hard to verify that
if g=2 and n = 1 or 3 then (27) holds for all ¢,m,l and ¢. This completes the

proof of the lemma. |

COROLLARY 3.10: By Theorem 2.3, Ay, is not minimal triangular, since its
group of grouplike elements forms a cyclic group of order 4, and k[G(Azp)] = k[Z4]
does not admit minimal triangular structures. Thus, Aj, is not triangular by
Theorem 3.8 and Lemma 3.9.

We now summarize:
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THEOREM 3.11: Let p and q be prime numbers satisfying p = 1(mod q), and
let k be a field containing primitive pth and q2th roots of unity. Then Ap isa
self-dual semisimple Hopf algebra of dimension pq?, and Ay, is quasitriangular
if and only if ¢ = 2. Furthermore, Ay, admits exactly 2p — 2 minimal quasi-
triangular structures and exactly two non-minimal quasitriangular structures
with k[G(Aj3p)] as the corresponding minimal quasitriangular sub-Hopf algebra.

Moreover, none of the above-mentioned quasitriangular structures is triangular.

Proof: Let A = Ag,. Suppose (A, R) is quasitriangular, and set B = sp{RM}
and H = Spk{R(z)}. Then, B and H are sub-Hopf algebras of A of the same
dimension and B*°°? = H. By Proposition 3.5, B and H cannot have dimension
pq, since the unique sub-Hopf algebra of this dimension is commutative but not
cocommutative. Thus, either B = H = Aor BH C k[G(A).  B=H = A
then, by Lemma 3.7, ¢ = 2, and Az, admits exactly 2p—2 minimal quasitriangular
structures by Theorem 3.8. If B, H C k|G(A)] then ¢ = 2 by Lemma 3.9, and
(Azp, R1) and (A, R3) are the two non-minimal quasitriangular structures Az,
admits. This completes the proof of the theorem. 1

We end this paper by constructing another family of pg?-dimensional
biproducts. The method is the same as that of Agp, but since we replace the
cyclic group of order ¢>: L = (h), by a direct product of two cyclic groups of
order ¢: M = (h) x (g), the situation changes dramatically. This can already be
seen in Section 2; whilst M always admits minimal triangular structures (Exam-
ple 2.5), L never does (Theorem 2.3).

Let p,gq,m, (b),n be as before, but let h*g’ - bk = b*m'  that is, g acts trivially
on b. Let 6(b) = h - b, and form {b]} as before. Then k[(b)] is a left k[(h) x (g)]
comodule via b} + g* ® bl. It is not hard to verify that (k[(h) x (g)], k[(b)]) is an
admissible pair and hence that Ag, = k[(b)] x k[(h) x (g}] is a Hopf algebra with

multiplication, comultiplication and antipode as follows:

(28) (bi % hngm)(bZ/’ X hn'gm’) — nni' (bzbzl' % hn+nlgm+m’),
. q-1 ] )
=0
and

(80) s(b] x h"g™) = 77"(s(b}) x A™g ™).
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Assume that k contains primitive pth and gth roots of unity, and let 3 be a
generator of k{(b)]* and «, y be generators of k[(h) x (g)] such that (o, h) =
1, (a,g9) = m, {(v,9) = 1 and (v,h) = n. Then, Ay, is self-dual via the map
B x alv* + b* x higk. The proof of that is similar to the proof of Proposition
3.1. When there is no ambiguity we identify hig’ with 1 x hig?.

PROPOSITION 3.12: Let A = Ay, and k be as before. Then:
(1) G(A) = (h) x (g) (hence Agp ¥ Ayp as Hopf algebras).
(2) A has p — 1 simple sub-coalgebras of dimension ¢?, namely AF =
spp{bF x ¢7]0 <4,j < g - 1}.
(3) A is cosemisimple and semisimple.

The proof of this proposition is similar to the proof of Proposition 3.3.

PROPOSITION 3.13: Let A = Ay and k be as before. Then:

(1) The non-trivial sub-Hopf algebras of A are: k|G] where G is a subgroup of
G(A), and B = sp{b* x ¢°|0 < i,j < q — 1}. Moreover, B is the unique
sub-Hopf algebra of A of dimension pq, and it is commutative.

(2) A 2 AP for all p and q. Furthermore, if f: A — AP is an isomorphism
of Hopf algebras, then f is determined by

FO x g'h*) = i i (s(BT9) x g—i+uklpk),

where p; j € k*, 1 <7(j) < (p—1)/gand 0 <w<g-—1.
(3) Let f: A — A be an automorphism of Hopf algebras. Then f is determined
by
flgy=9, f(R)=g"hR and f(bx1)=¥"x1

where1 <r <p—1and 0 < w < qg— 1. Moreover, Autyops(A) = Zg X zZy.

Proof: (1) Let B be a non-trivial sub-Hopf algebra of .A. Using similar argu-
ments to those used in the proof of Proposition 3.5 yields that dimB = ¢, ¢?
or pq. Moreover, if dimB = ¢q then B = k[G] where G is a sub-group of (g) x
(h) of order g, and if dimB = ¢* then B = k[(g) x (h)]. Suppose now that
dimB = pg. Then |G(B)| = q. We first show that Im(mg) = k[G(B)], where
m: A — k[G(A)] is the projection map. Clearly, k[{G(B)] C Im(mz) C k[G(A)].
Furthermore, dimIm(mg) divides dim B. Since dim Im(mg) = ¢ or ¢, it follows
that dimIm(mg) = ¢, hence Im(mz) = k[G(B)). Now, by Proposition 3.12, B
is cosemisimple and hence a direct sum of simple sub-coalgebras of .A. We next
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show that B does not contain A% for n # 0. Assume otherwise, and let AX c B
for some k and n # 0. Then, b5 x h™ € B, and hence by (20) and the above,
m(bE x h*) = e(bk)h™ = h™ € G(B). Therefore Ak = AXh~" C B. In particular,

b x1=0 (A = t)-ce x L=, x 1 € B, and hence b" x 1 € B for all
0<r<p-1. Thus, b x 1€ Bforall1 <k < (p—1)/g, and hence bf x h™ € B
for all 1 < k < (p — 1)/q, and we conclude that AX C B for all k and n. This
implies that B = A, hence not of dimension pq. Finally, since B contains only
simple sub-coalgebras among {A%} and G(B), and dim B = pgq, it follows that
B = k[(g)] & ( 2’_’:—01)/‘1 AK) = sp{b* x ¢7|0 < 4,j < ¢ — 1}. In particular, B is
commutative and it is the unique sub-Hopf algebra of A of dimension pq. Note
that B is isomorphic to the unique sub-Hopf algebra of Ay, of dimension pg, B.

(2) Let f: A — A°P be an isomorphism of Hopf algebras. Then, using similar
arguments to those used in the proof of Proposition 3.7 yields that f must be
determined by

g-—1
floy =g, f(h)=g"K" and fbx1)=s(b"x Y a,;g")

v=0

where a,, ; = (8,b) (7, b}) for 0< j<p-1,1<r<p-1,0<w<g—1and
1 <1< g—1.Since f[(1 x h)(bx 1)] = f(1 x h)f(b x 1), we conclude, as in the
proof of Proposition 3.7, that

qg—1 qg—-1
m~ i, g v\m T/ i
b (o, (O a8 )™ =b(0h, Y 07
=0 v=0
for all 0 <7< ¢~ 1. Thus,l =1 and j =0, and we have

(31) flg=g7", f(h)=g"h and f(bx1)=s(b" x1).

At this point it is not hard to verify that f, given in (31), is indeed an isomorphism
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of Hopf algebras for any 0 < w < ¢g—1and 1 <r < p— 1. Finally, we compute

F x 1) = (A7 =1) ¢ x 1]

a—

Z n—tk m*

._.

1

n*f( x 1)

9—
k=0

nﬁ

— oS x)
k=0

=s(AF=t)-cf x1)

=s((A7° = 1) - 0D (e) x 1)

= (L0 D) s(AF —~t) ey x 1)

= i 5s(0] 9 x 1) = i, (5(659) x g™%)
where c,(;) is the representative of the orbit containing c7, and ;,; = = (), 0'0)) =
i),

(3) Let f be an automorphism of 4. Then, using similar arguments to those

used before yields that f must be determined by

fle9)=9, f(h)=g"h and f(bx1)=b"x1

where 1 <r <p-—1and 0 < w < q—1. It is not hard to verify that f described
in the last equation determines an automorphism of .A. Denote this map by fy r.
Since fuw,r © fut = fw+ure the result follows. This concludes the proof of the
proposition. |

As a corollary we have the following:

THEOREM 3.14: Suppose that the field k contains primitive pth and qth roots
of unity and let A = Ag,. Then, A is minimal quasitriangular if and only if
q = 2. Furthermore, the map fur: A" — Agp given by fw,r(ﬂf x afyl) =

(b:r) g~ *twk—lpk determines a minimal quasitriangular, but not triangular,

structures on Azp forany0<w<landl1<r<p-1.

Proof: By {(31) and the fact that A is self-dual, we need only to check whether
the map f: A*°P — A given by

F(B] x o) = i (s(077) x g7 lRE)
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satisfies (QT.5)". Indeed, let p = B/ x a*+! and a = b¥ x g%h*. Then, on one
hand

> Py a)e f(Pe)

qg—1

= 3 (B B, x Rt 18] x k)
z,y=0

= Z ( g_m,b;>nkd+(l+x)t(bg_y % htgd+y)uw,j(s(b;(j)) % g—x+wk—lhk)
T+y=1i

= 3 (B BRI (5 s(80) x gkl
z+y—i

= Z j by kd+HE+2t(i-y) ) 0 (B8 (b r(])) gkt
=0

while on the other hand

> (py a)) fPy)ac)

q—-1
= Z (B2,6%_,)n kldto)t g7 x oy ) (B x htg?)
z,y=0
= D (BB M (s(b]0)) x g TR (b x hig?)
z+y=v
= Z <ﬁi,bﬁ_y)n"(d+y)+“+kyui-z,j(b‘,jS(bff’,)) gimitwk—lpktty
z+y=v
q—1
= Z( g;,b;)nkdﬂt“k(v—z)m_l’j(b:_z (® T(J)) x gd—i+wk—lhk+t).
z=0
Therefore, f satisfies (QT.5) if and only if
q-1
Y (B By (B, s(679)) x ¢)
y=0
q-1
=Y (BB g (6 s(b]Y)) x 1)
=0

for all j,u,t,%,v and k. Clearly, if ¢ = 2 then the above equality holds. If ¢ # 2,
then for ¢ = v = y 5 0 we have that if f satisfies (QT.5)’

(B2, 68 o 5 (b8 s(B67) x g%¥) = (B, b¢)po,; (bs(B5P) x 1).
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Since, by Remark 3.2, for any j there exists u so that (87, b%) # 0, po,; 70 and

1071
bes(b597) # 0, we conclude that f does not satisfy (QT.5)".
Finally, we show that f = f,, , does not determine a triangular structure on

A = Az,. We first compute

(8] x oF+t u) =Y (B x afy, s(RP)RD)
= Z(ﬂf—t x o*y Tt s(RON)(B? x k4!, RO
=SB, x afyH s(F(B] x aFqt)))
= DoABL x by s(s(b]) x g7 R RN
= S nRBL, x abyt b x g TR
= D (DB, bl (1)
= 80 (B3, b (—1)¥%".

Recall that ) = 3(B7 + p77) and B = 1(®" + b77"). Hence, (83,057) =
%(w’j s w"’jz) where w is a primitive pth root of unity. Therefore,

(:BZ % ak'yl,u) — i’o%(w'r'jQ +w—rj7)(_1)wk.

But if A were triangular u would be a central grouplike element (since s = id),

and hence equals 1 x g° for some 0 < 5 <1, and
(5{ x a®y 1 x g°) = 8; 0(—1)F°.

In particular we would have that (—1)*1(w™’ + w="7") = (~1)** for all k and
2 .2 2

s, and hence that (w™ +w™"7") = £1. We conclude the proof by showing that

Lwm® 4+ w=7") # £1. Indeed, 1(w’ +w™") = £1 if and only if W™ = %1

for all j. Since 3 < p is prime we are done. |

In the following theorem we prove that, unlike Agp, Ay is quasitriangular for

any p and ¢g. Moreover, it is triangular with v = 1.

THEOREM 3.15: Suppose that the field k contains primitive pth and gqth roots
of unity and let A = Agp,. Then the map f: A*°? — A defined by f (ﬁf xaFyt) =
e(ﬂf )1 x h=Fgt) determines a triangular structure on A withu = 1.

Proof: Tt is not hard to verify that f is a Hopf algebra map. We show that f
satisfies (QT.5)". Let a = b]* x h*¢’ and p = B} x o"y°. Then using (20), (28)
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and (29) we compute
Z(P(l),a(z) a1 f(P(2))

Z (B x a7 7B, x ') (b7 x hEgTTHe(B7_,) (1 x hTTg")
u,t=0

-1
Z B} x o y*, by x hrgh)e(BE) (b x hF gttt
t=0

o~

;l’b> ri+sk (ﬂn)( ) hk T ]+l+s)

and, on the other hand,
Z@(zw(x) Fpay)ae)

q—
==§:umxaw b, X REgH e (87, ) (1 x R™Tg* ) (b x hrgl)
,t=0
-1
=Y (B} x o™y, b, x RRgHH)e (85 (b x RETgttetd)

o o

O

t=
< m) —r(i—j)+sk+r(l+i—j)5(ﬂg)(b;rij x hk—rgj+l+s)
( ;‘L, b;n) THSkE(ﬂS‘)(bﬁj % hk—rgj+l+s).

Therefore f determines a quasitriangular structure on A. We conclude the proof

of the theorem by showing that w = 1 (hence, in particular, the structure is
triangular). Indeed,

(B] x o™y, u) = Z((ﬂf x "1y, 8 0 F((B] % &™1)2))

Q
..n

I

(B_, x a™y**t, 50 f(B] x &™7*))

-
1l
- O

I
Pﬂ

(B¢ x ™", s(e(0])1 x h™7g"))

t=0
= (B! x "y, 1 x h"g™®)
= f, 1)p~Totrs = (ﬂf xa™y*,1x1).

This concludes the proof of the theorem. [ |

We summarize:
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THEOREM 3.16: Let p and q be prime numbers satisfying p = 1 (modg), and
let k be a field containing primitive pth and gth roots of unity. Then Ay, is a
self-dual semisimple Hopf algebra of dimension pq® which is not isomorphic to
Agp. Moreover, Ay, admits a non-minimal triangular structure, with k[G(Agp)]
as the corresponding minimal triangular sub-Hopf algebra, for any p and q.
Furthermore, Ay, admits minimal quasitriangular structures if and only if ¢ = 2,

and Ay, admits exactly 2p — 2 such structures none of which is triangular.

Remark 3.17: The referee has pointed out that the Hopf algebras Agp, and Agp
can be constructed in a unified way. Suppose the base field £ contains enough
roots of unity. Let U be a finite cyclic group which acts from the right on a
Hopf algebra B (as Hopf algebra automorphisms). Identifying (kU)* = kU as
usual, B is a left kU-comodule Hopf algebra via  — ) e, ® = - u, where e,
is the dual basis of u (€ U). Construct the smash coproduct K = B#kU with
respect to this action. Since kU is commutative, K is a Hopf algebra with the
algebra structure of tensor product. Let V = (h) be a cyclic group of order n,
which acts from the left on B so that (v-z) - u=v-(z-u) foru € U,veV and
z € B. Let V act on kU trivially. Then V acts on the Hopf algebra K. Construct
the crossed product A = K * V with respect to the action just defined and the
relation (1 x h)® = (uo * 1), a fixed element in U. Then, one sees easily that
A(= K ® kV) is a Hopf algebra with the coalgebra structure of tensor product.

Suppose in addition that B is a group Hopf algebra of a finite cyclic group G,
U =V (= (h)) and the left action and the right action of U (= V) on B coincide.
Then it is easy to prove that A is self-dual {cf. Proposition 3.1).

In particular, let G = (b) be a cyclic group of order p, n = gand h-b = b™ = b-h,
where p, ¢ and m are as above. If ug = h, then A = Ag,. If ug = 1, then A = Agp.
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